University ef Pertland
Sched ef Engineering

EE 261
Spring 2011
A. Inan
Solutions to Homework # #
Arithmetic of Complex Numbers and Phasor Analysis
(Wednesday, April 27, 2011)

P 1. Rectangular to polar form.Write the following rectangular-form complex numbe
in polar form:

1.a.V, =5/2+ [5/2=10e'* or 10g!(74nradians)
1.b. Z, =120j +50 0130e'** or 1308/

1.c.Y, = j002=002¢'* or 002"
1.d.1,=-10-j10/3=20e"% or 20e7/?"

1.e.Z, =-}6,000+8000010,000e *°*” or 10,000e™1°2%5
11.V, = -25= 25¢1%) or p5elln

P 2. Polar to rectangular form. Convert the following polar-form complex numbens i
rectangular form:

2.a.1,=10e" =-10+ j0=-10

2.b.V, =3J2¢71" =3-j3

2.c. Z,=200e7'* =0-j200=-j200

2.d., = (€777*)/500= (1/500)(~1/2 - }+/3/2)= - 0.001- j0.004/3

2.e.V, = 237 = 23|~ /3/2- j/2)=- 115/3- j 115

2. 1, =56x107e/™ =56x107(-1/2- j4/3/2)= - 28x10° - j28x10°V/3




P 3. Phasor representation of sinusoidal signal§ind the phasor-form representation
of the following sinusoidal signals. (Note that tbapital letters represent the phasor
form.)

phasor
rep.

3.a.i(t) = 2x10™ cod2rx 10t +60 ) - |, =2x10"e®
3.b.v,(t) = 38codl0°t - 25 ) _ V, = 381>
3.V, (t) = 173sin(L0°71 + 7/10) — V, = 1.73e/(70772) = 173¢7127°
3.d.i(t) = —42sin(37x10°t - 377/5) — |, = 42¢(72379) = 4.0¢7Im10
3.e.i,(t) = 0.1cod 628x10°t -135 ) I, = 0.1e™"*
3.£. v,(t) =10sin(877x10°t - 300 ) - V, =10e/20090) = 10710
3.9.i; (t) = 003cod10°t 135 )~ 0.015sin(10°t + 60')

~ 1. =003 -0.01% %
3.h.v, (t) = 21sin(4477x10't - 30 )+ 49cod447x10't +30')

-V, =216 +49¢

P 4. Basic arithmetic operations of complex numbersSolve the following circuit
problems, simplify each answer and provide it ifepform.

4.a. Kirchhoff's current law (KCL) applied in the phasor domain. Given
|, =10e'*, 1,=10e7"%, 1,=1,+1, =7 (Note that eachy current is a phasor quantity
which represents a real-tin@nusoidal SteadyState (SSS) curreni (t) flowing in the

circuit shown below. Just like the time-domain emts, the phasor-domain currents must
also satisfy KCL.)
Solution: Transforming polar-form phasor currents into raegtdar form, we can find the

phasor currenz asl, =1, +1, :1{§+ j%]ﬂC{g— jljzlo\/§+ j0=10/3e!° .

won

4.b. Kirchhoff’'s voltage law (KVL) in phasor form. In the phasor-domain circuit
shown below,V, =5J2¢77% |V, =5\/2e/*° |V, =V, -V, =? (Note that eachvi is a

phasor quantity which represents a real-time SS&g®v, (t) in the circuit shown
below. The phasor-domain voltages must satisfy KVL.




Solution: Using rectangular-form phasovs andV,, the phasor voltagé; can be found

asV, =V, -V, 5\/_(\/_ \/1_) 5\/5(% \/_j - j10=10e71%" .

4.c. Equivalent impedanceThe circuit shown between terminals A and B is sham
phasor domain. 1fZ, =(200-300j)Q and Z, = (100+ j200)Q, Z,=Z,+Z, =? (Note
that eachZ represent an impedance. Impedances can be combhisedes or in parallel
just like resistances.)

Solution: Since the two impedances are connected in séhesgquivalent impedance

Zeqis given byZ,, =Z, +Z, =(200-300j) + (L00+ j200) = 300~ j1000316s7** Q.

B

4.d. Equivalent impedance of a serieRLC circuit. In the serie®RLC circuit shown, the
element values are given ly=4Q, L =5mH,andC = 125mF respectively. Find the
equivalent impedance of this circuit at three dédfe frequencies:w, =200rad/s,
=400rad/s, andw, =1,200 rad/s

Solution: Since the three impedances are connected in sdreegquivalent impedance
Zeq at any frequency is given bzeq(a)): Z+Z (w)+Zo(w)= 4+ j(S&)XIO_ 800}
Substituting the frequency valueg = 200rad/s, w, =400rad/s, and w, =1,200 rad/s
we find Zeq( ) =(4-j3)Q, Z, ( ,)=4Q, andZ, ( ,) 0(4+ j533)Q respectively.
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Z =7 c PR
o - j//(«C)
.
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4.e. Equivalent admittance Admittance of an element representedYbyn Siemens) is
defined as the inverse of the impedaZcén Q) of the same element, i.eY,=Z".
Given Y, =0002"?S Y, =0002/2¢"* S whatisY, =Y, +Y,=? (Note that
admittances can be combined in series or in paral&t like the same way as
conductances.)

Solution: Since the two admittances are connected in pgraike equivalent admittance
Yeqis given byY,, =Y, +Y, =0+ j0.002+0.002- j0.002= 0.002J0.002'° S.

Y Y2

4.f. Ohm’s law in phasor form. Given |, = 002e7° A, Z, =150'7° Q,V, =71, =?
(Note thatV = ZI is the phasor-domain equivalent of the time-don@inm’s law given
as Vg (t) = Riz(t) . Note also that Ohm’s law in phasor form is naydimited to resistors
but can also be used for inductors and capacitors.)

Solution: Using Ohm’s law in phasor form, the phasor volt&ecan be obtained as
V, = (150e'7¢)(0026717%) =36 v




4.9. Phasor-domain solution of sinusoidal steadyae circuits. In the circuit shown,
givenV, =4e'® Vv, |, = 002¢7 1% A, 7, = (40+ j80)Q, Z, =(30- j20)Q, Z, =2
Solution: Using Ohm’s law in phasor form, we can find thaiigglent impedancée
seen from the source aZ,,=Vy/l,=4e*" /002713 =200/ =120+ j160Q.
However, since the three impedances are conneoteseries,Ze, is also given by
Z,,=2Z,+Z,+Z,=(40+ j80)+(30- j20)+ Z, =120+ j160Q from which we can
obtain the unknown impedanZeas Z, = (50+ j100) Q.

€q

4.h. Thevenin impedance.For the phasor-domain circuit shown, given theee¢hr
ZlZZ
Z,+7Z,
Solution: The Thevenin impedance seen between terminalsdBaran be calculated as

7 =50+ ENIS0) _ 5o, 180 _ 55, i500-])

impedance values to bg =50Q, Z, = j50Q, Z,=-j50Q, Z,, =Z,+ =?

= — Y _=—i50+25+ |25=25-|25Q
™ 50+ 50 1+ ] ) ) I i L
1+1
A
Z3
z, z, 4-"—2

4.i. KVL and Ohm’'s law. In the phasor-domain circuit shown below, given
z, =(300+ j300)Q, Z, =300/2e 17 Q, | = 0046/ A, V, = (2, +Z,)I, =2

Solution: The phasor-form source voltaygg can be calculated using Ohm’s law and the
equivalent impedance seen between the terminalsthef voltage source as

V, =Zl, = [3oo+ j300+300- j300](0.04ej”/3) = (6000)(004e"° A)= 2467 v

Z Z, |

X



4.j. KCL and Ohm’s law (optional). In the following phasor-domain circuit shown,
Y, = 00262 S Y, = 003" SV, =™ V, | =(Y, +Y,V, =7

Solution: The phasor-form source currdgtcan be calculated using Ohm’s law and the
equivalent admittance seen between the terminalsthaf current source as

160
[
Vy

eq
y y
Yl Y2

|, =Y,V, =| - j 002+ 0.005/3 + j0.0lS]( j: (o.oze-iw slei® v):loeiw mA .

4.d. Equivalent impedance of a paralleRLC circuit (optional). In the parallelRLC
circuit shown, the element values are given BR=8Q, L=2mH,andC =5y F
respectively. Find the equivalent impedance of tnisuit at three different frequencies:
«, =5,000rad/s, w, =10,000rad/s, and w, = 20,000 rad/s

Solution: Since the three impedances are connected in glatak equivalent impedance
Zeq seen between terminals A and B at a signal frequencyis given by

Z (@)= 1 _ 1 _ 1
2.7+ w)+ 2 w) ( oL j 0.125+ j(5x10°w-500'w)’
—
-i/lat) jac al
Substituting &, = 5,000rad/s, @, =10,000rad/s, and w, = 20,000 rad/s we calculate
the equivalent impedan@, at each frequency as

R+



1 0125+ j0.075

z = = 0(588+ j353)Q,
() 0.125- j0.075 (0.125)° +(0.075)° (588+ 1353

Zo(w,)= ige -89 and

(@) 1 _ 0.125-j0.075 (588- 3530

w, = =
0.125+ j0.075 (0.125) +(0.075)°
respectively.
e
Z =7 7 =R ¢Z, =jwl A~ 4™
“ § T Trirwo

B .
4.k. Thevenin impedance (optional).For the impedance circuit shown below, if
Z = (2— jZ)Q, Z, = (j2+2)Q, Z,=2-]6Q, whatistheTheveninmpedanc&, ?
Solution: The Thevenin impedance seen between terminalsiABaran be calculated as

= ZS(Z]‘+ZZ) = = = =
Z,+Z,+Z, 2-j2+j2+2+2-j6 6-j6  3(1-j)a+])
\_ﬂ_—d

3(1+1)

313'

Th

(2-j6)2-j2+j2+2) _4(2- j6) 4(1—j3)(1+j)_(8 AJQ

|

A
Z, Zs 41_ZTh

-

|

P 5. Addition/subtraction of sinusoidal signals.Four sinusoidal-voltage signals are
given by vl(t)=1Osin(105t+7T/2), vz(t):10c05(105t—271/3), v3(t)=1Osin(105t+7T/6), and
v, (t) =10005(105t—77) respectively. Find each of the following signaéddw and express

them in terms of a single sinusoidal waveform: (@&sgion: Use the phasor-domain
approach to obtain the above voltages.)



S.a.vg(t) =v (1) +v,(t) =7

Solution: Using the phasor-form of the time-domain voltaggnals v,(t) and v,(t)
given byV, =10e'® = 10andV, =10e"1?"® = -5- j5,/3, the phasor-form of the voltage
signal v,(t) can be found from KVL applied around the closedoploas
V, =V, +V, =10-5- j5\/§=5(1— j\/§)=10e’j’7/3. Therefore, the time-domain voltage
signal v, (t ) is given byv,(t) =locos(105t - 77/3).

v,

+ —

+ +

Vs(t) Vz(t)

5.0, vg(t) = v, (t) —va(t) =2

Solution: Using the phasor-form of the time-domain voltaggnals v,(t) and v,(t)
given byV, =10e712"® =-5- j5/3 andV, =10e/"® =5- j5//3, the phasor-form of the
time-domain voltage signal,(t gan be found from KVL applied around the closeaplo
as V,=V,-V,=-5- j5V3-5+ j5/3=-10=10e"". Therefore, the time-domain
voltage signal,(t )is given byv,(t) = 10005(105t + 77) = —10cos(105t).

V,(t)

+ —_

+ J—
v (t) v, (1)

- +

5.C. Vy(t) = v, (t) +va(t) —v,(t) =7

Solution: Using the phasor-form of the time-domain voltaggnals v, (t), v,(t) and
v(t) given by V,=10e?®=-5-j5/3, V,=10e"*=5-j5/3  and
V, =10e" /" =-10, the phasor-domain voltag®, can be found from KVL as
V, =V, +V, -V, =-5- j5/3+5- j5/3+10=10- j10/3=20e"""®.  Therefore, the
time-domain voltage signal, (t i given byv,(t) = 20005(105t - 77/3).




v, (1)

5.d. (Optional.) vg(t) =v,(t) = v, (t) +vs(t) =72

Solution: Using the phasor-form of the voltage signal&), v,(t) and v,(t ) given by
V, =10e/° =10, V,=10e"%"*=-5-j5/3 and V,=10e"®=5-j5/3, the phasor
voltage V, is found as V, =V, +V, -V, =10+5- j5/3+5+ j5/3 =20=20e°.
Therefore, the time-domain voltage signglt is)given byv,(t) = 200051105t).

5.e. (Optional.) vy (t) = v, (t) —v,(t) +v,(t) =?

Solution: Using the phasor-form of the voltage signal$t), v,(t) andv,(t) given by
V, =10e7/27% = -5- j5/3, V, =10e"""® =5- j5/3 andV, =10e"" = - 1Q the phasor
voltage V, is found asV, =V, +V, -V, =-5- j5/3-10-5+ |53 = -20= 20e'".
Therefore, the time-domain voltage signal vy(t ) is given by
v (t) = 20cod10°t + 77)= —20cod10°t ).

5.f. (Optional.) v;o(t) = vy (t) = v(t) = v, (t) =?

Solution: Using the phasor-form of the voltage signal&), v,(t) andv,(t) given by
V, =10e’° =10, V,=10e""*=5-j5/3 and V, =10e"”" = - 1Q the phasor voltage
V,, is found as V,,=V,-V,-V,=10-5+ j5/3+10=15+ 53 =10,/3e/"°.
Therefore, the time-domain signg|,(t i given byv,,(t) =10\/§cos(105t +7T/6).

Another important reminder:
EE 261-Final Exam is scheduled for Thursday, May 5, 2011, 8:30-10:00a.m.!
It is a 90 minute closed book exam. Formula sheets are allowed.




