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Introduction & Scope

Introduction & Scope

Limitations of the talk !!
@ Possible ranges of behavior

o Rapid flows (single- and multi-phase)
@ Quasi-static behavior — small strains
@ Quasi-static behavior — large strains

@ Quasi-static (time-invariant) behavior of dense packings
@ Emphasis on behavior at large strains
@ Emphasis on micro- and meso- scales
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Introduction & Scope

Introduction

Discrete simulation models:

@ Discrete Element Method (DEM, Cundall) —
Molecular Dynamics (MD)

@ Discontinuous Deformation Analysis (DDA, Shi) —
Granular Element Method (GEM, Kishino)

@ Contact Dynamics (CD, Moreau)
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Five Examples of Granular Behavior

Dominant behaviors at large strains:

@ Softening (2 examples)
@ Instability (2 examples)
@ Localization (1 example )
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Outline

9 Examples of Granular Behavior
@ Softening examples
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Softening examples
Instability examples
Localization example

Example #1: Granular Softening

Examples of Granular Behavior

Softening of 4096 spheres — DEM simulation
Densely packed

Plane-strain, biaxial compression
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Softening examples
Instability examples
Localization example

Example #1: Granular Softening

Examples of Granular Behavior

Softening of 4096 spheres — DEM simulation

Plane-strain, biaxial compression

Deviator stress, ¢/ po
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Compressive strain

Kuhn, April 25, 2006 http:// faculty.up.edu / kuhn / papers / Pullman.pdf



. fteni I
Examples of Granular Behavior Rolenndlcraneled
Instability examples

Localization example

Example #2: Granular Softening

Softening of a regular 2D array
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Softening examples
Instability examples
Localization example

Example #2: Granular Softening

Examples of Granular Behavior

Softening of a regular 2D array
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Outline

9 Examples of Granular Behavior

@ Instability examples
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #3: Instability

Instability of 2-particle systems
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #3: Instability

Instability of 2-particle systems
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #3: Instability

Instability of 2-particle systems

Stable system:
!
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #4: Instability

Instability in 256 disks — DEM simulation

Biaxial compression
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #4: Instability

Instability in 256 disks — DEM simulation

Biaxial compression
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Examples of Granular Behavior

Example #4: Instability

Softening examples
Instability examples
Localization example

256 disks — DEM simulation
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #4: Instability

256 disks — Detail around a granular “hole”
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #4: Instability

256 disks — Plot of internal instability
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

9 Examples of Granular Behavior

@ Localization example
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #5: Localization

Localization in 40,500 disks — DEM simulation

Rough, rigid
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #5: Localization

40,500 disks — Localized shearing
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #5: Localization

40,500 disks — Localized shearing

—
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Example #5: Localization

40,500 disks — Localized shearing
—
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Softening examples
Instability examples
Localization example

Examples of Granular Behavior

Localization

Localization inside of a shear band
—
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Softening
Instability

Origins and Scaling of Behavior (T -

Outline

e Origins and Scaling of Behavior
@ Softening
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening

Origins of granular softening:

1) Mechanical
Produced by contact deformations

Depends upon particle material properties
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening

Origins of granular softening:

1) Mechanical
Produced by contact deformations
Depends upon particle material properties
2) Geometric
Produced by contact re-orientations

Depends upon particle shapes
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Softening
Instability
Localization

Origins and Scaling of Behavior

Example: Granular Softening

Softening of 4096 spheres — DEM results

Plane-strain, biaxial compression
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening

Calculation of average stress
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening

Calculation of stress increment
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening

Calculation of stress increment

o = lVZhX)f

1 1
do = -S;0  + VZI@df\ + oy dlef

— —_————
Mechanical — ~ - =¥ Geometric
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Softening
Instability

Origins and Scaling of Behavior (T -

Granular Softening — Example

Stress rates during loading, do/k de x 1000

Mechanical | —2.9 | +1.4
Geometric | —-1.7 | —1.4
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Softening
Instability
Localization

Granular Softening — Another Example

Origins and Scaling of Behavior

Softening of a regular array of disks
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Orientation, (8

Here, softening is entirely geometric !

Kuhn, April 25, 2006 http:// faculty.up.edu / kuhn / papers / Pullman.pdf



Softening
Instability

Origins and Scaling of Behavior [P—— -

Outline

e Origins and Scaling of Behavior

@ Instability
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability

Origins of granular stiffness:

1) Mechanical

2) Geometric
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability

Origins of granular stiffness:

1) Mechanical

2) Geometric

Example:
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability

Origins of granular stiffness:

1) Mechanical

2) Geometric

Another example:

<>
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Stiffness and Instability

Incremental stiffness of a particle assembly:

Particle External
movements forces & moments

B

Contact model: soft contacts, time invariant
GEM, Y. Kishino, 1989
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Stiffness and Instability

Incremental stiffness matrix:
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Stiffness and Instability

Incremental stiffness matrix:
. . du df
Mechanical + Geometric | = | ===-
[ K } [ K ] [ 0[] ] [ adm ]

Kuhn & Chang 2005, PG2005
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Stiffness — Example

f f 2-particle example,
6 x 6 stiffness matrix

— . |
10 0/-10 0 R
01 rlo —1r 0 -1 p—r 0 1 p—r
| 2 ol 2
K|l 0 r o —re| fl0p-rpP-r?i0r—p(p-r?
~10 011 0 0 2p |0 o0 0 100 0
0 -1 —flo 1 —r 01 r—pi10 -1 r—p
0 r 10 —rr? [0 p—r(p—rPI0r—p p2—r?
Mechanical

Geometric

Kuhn, April 25, 2006 http:// faculty.up.edu / kuhn / papers / Pullman.pdf



Softening
Instability

Origins and Scaling of Behavior [P—— -

Structural Stiffness — Analogy

Mechanical and geometric stiffnesses of a simple structure:

Fr7 o [KlLdo]=[df]
0 /77"

0, [k (sin 0, + co_sze) f cote] 0do = df
/e sind 14
//ﬁ ——

Mechanical Geometric
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Instability and Softening — Criteria

. . du af
Mechanical + Geometric | = |=——-
s | [ aomese || | 82| | L
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Instability and Softening — Criteria

. . du af
Mechanical + Geometric | = [==—-
s | [ e || | 22| | SL

Second-order work criteria for discrete systems:
1) Necessary for instability

.
FW = [———] [————] <0 { 2) Sufficient for softening
m in the direction [du/d8]
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Structural Instability and Softening — Analogy
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Structural Instability and Softening — Analogy

PN I T R
30 60 90

Angle, 6
Second-order work criteria:
Unstable
PW = (do-df<0 =  and
Softening
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Structural Instability and Softening — Analogy
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Structural Instability and Softening — Analogy

Second-order work criteria:
Stable

PW = (do-df<0 = but
Softening
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening

?
Investigating granular instability, §2W < 0:
Discrete systems — Search eigenvalues of [ K ]Symmetric

Difficulties:
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening

?
Investigating granular instability, §2W < 0:
Discrete systems — Search eigenvalues of [ K ]Symmetric

Difficulties:
1) Non—symmetric, [K] — [KMechanicaI ] + [KGeometric]
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening

Investigating granular instability, §2W 2 0:
Discrete systems — Search eigenvalues of [ K]Symmetric
Difficulties:
1) Non—symmetric, [K] — [KMechanicaI ] + [KGeometric]

2) Incrementally non-linear = Multiple stiffness
branches,

[K]={[K'], [K®], ...}
Must check multiple branches to investigate
directional stability.
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Softening
Instability

Origins and Scaling of Behavior

Localization

Granular Instability and Softening — Example

Internal instability during softening

Stress ratio, 092/011

Kuhn, April 25, 2006
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening — Example

Instability of 4 particles

022
9 o - .
::> P 11 Search for unstable eigenmodes:
g A<0 = #W<o0
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening — Example

9 Unstable eigenmodes, with A < 0:

U uNuGURuGo
D o
UGuluieluGe
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening — Example

9 Unstable eigenmodes, with A < 0:

GO P & m
P @ o LY

@ P
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Softening
Instability
Localization

Origins and Scaling of Behavior

Granular Instability and Softening — Another Example

Softening and instability of 256 disks — DEM simulation

Biaxial compression
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening — Another Example

Softening — effect of contact curvatures
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Softening
Instability

Origins and Scaling of Behavior [P—— -

Granular Instability and Softening — Another Example

Softening — effect of contact curvatures

N

[y

Incremental softening is halted

g ) IS I S when curvatures “p” are
0 005 01 015  jncreased by 12%.
Compressive strain

Deviator stress, ¢/ po
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Softening
Instability
Localization

Origins and Scaling of Behavior

Granular Instability and Softening

Sources of instability and softening (negative 2nd-order work)

1) Geometric stiffness

2) Mechanical stiffness
a) Contact friction

b) Particle fracture
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Softening
Instability

Origins and Scaling of Behavior Localization

Outline

e Origins and Scaling of Behavior

@ Localization
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Softening
Instability
Localization

Origins and Scaling of Behavior

Localization — Softening — Instability

Localization in the shearing of 40,500 disks

—

Vertical position, x5/ D

300

280

260
0 2 4

Horizontal movement, w;/D
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Softening
Instability
Localization

Localization — Softening — Instability

Origins and Scaling of Behavior

Hardening and softening inside a shear band — §2 W

—
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Summary

Summary

At large strains ...
@ Discrete simulation models, such as the DEM, permit the
study of micro-, meso-, and macro-scale behaviors.
@ At the micro-scale, the DEM reveals exceedingly complex
micro-scale behavior.
@ This complexity gives rise to macro-scale phenomena:
softening, instability, and localization.

@ Stiffness (matrix) models offer a means of studying these
phenomena.
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Summary

Questions
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Appendix

Scaling of Granular Behavior

Effect of confinement pressure on strength

4096 “durable” spheres — DEM simulations
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Appendix

Scaling of Granular Behavior

Effect of confinement pressure on shear band thickness

4096 “durable” spheres — DEM simulations
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Vertical position, zo/D
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Shear strain inside of shear band
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Appendix

Granular Instability and Softening

Contact friction can produce instability and softening:

Py
¢ Negative 2nd-order work,
d“J %k §2W = duydPy + dusdPs < 0

1
k Py =uP2  when du, < 0 and duy > —|dus|
— MW= H

¥ #
CIU1

Friction, u

(Mandel, Bazant)
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