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Granular materials:
Assemblies of particles
Bulk behavior is a consequences of particle interactions
The “micro-scale” is well defined: individual particles
The good news: amenable to direct, computational
simulation
The bad news: bulk behavior is complex, with multiple
domains of behavior.
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Domains of granular behavior:

Slow deformation or Rapid flow
Small-strain behavior or Large-strain behavior
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Contact interaction or Long-range interaction
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Strain gradient dependent models

Simple materials:

σ = f (ε, material parameters)

Gradient-dependent materials:

σ = f (ε, ∂ε/∂x, ∂2
ε/∂x2, . . . , material parameters)

Are granular materials gradient-dependent?
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Non-local models

In non-local models, stress at a point depends on an averaged
strain ε within a region B around the point:

σ = f (ε, material parameters)

where
ε =

∫

B

Φ(x − x′)ε(x′) dV

The weighting kernel Φ is usually a norm → |x − x′|.
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Non-local models

An example non-local model:

ε =

∫

B

(

1
`
√

π
e

“

|x−x′|
`

”2)

ε(x′) dV

Unfortunate deficiencies:
1) When applied to experimental results, the length scale ` is

abnormally small: less than 2 particle diameters.
2) Experimental results suggest that the kernel Φ must be

asymmetric.
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Discrete stiffness models

Incremental stiffness of a particle assembly:

Particle External
movements forces & moments
[

du
dθ

]

⇒
[

d f
dm

]
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Discrete stiffness models

Incremental stiffness matrix:

[

K

][

du
dθ

]

=

[

d f
dm

]
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Discrete stiffness models — example

Instability of 4 particles?

X>X>X>X>X>X
X>X>X>X>X>X
Y>Y>Y>Y>Y>Y
Y>Y>Y>Y>Y>Y

Z>Z>Z>Z>Z>Z
Z>Z>Z>Z>Z>Z
[>[>[>[>[>[
[>[>[>[>[>[

\
\
\
\
\

]
]
]
]
]

^
^
^
^
^

_
_
_
_
_

σ11

σ22

Search for unstable eigenmodes:

λ < 0 ⇒ δ2W < 0
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Discrete stiffness models — example

9 Unstable eigenmodes, with λ < 0:
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9 Unstable eigenmodes, with λ < 0:
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Questions?
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