Section 3.4: The Chain Rule

Suppose that f(z) and g(x) are functions that we know how to differ-
entiate and h(z) = f(g(x)). Since h(z) is defined as the composition of
f and g, it follows that the derivative of h(z) must somehow be related
to the derivatives of f and ¢. In this section we consider the problem
of differentiating functions defined as such (as the composition of two
functions).

1. THE STATEMENT OF THE CHAIN RULE

We start with an example.

Example 1.1. Find the derivative of the function h(z) = vz + 1.
First note that h(z) is the composition of the functions g(z) = z+1 and
f(z) =+vz+1,1e f(g(x)) = h(z). This means that the derivative of
h(x) must somehow be related to the derivatives of f(x) and g(x). Next
observe that the graph of h(z) is the same as that of f(x), except it has
been shifted over to the left by a distance of 1 unit. This means that the
derivative of h(x) must be the same as that of f(x), just shifted over
by 1 unit. Since f'(z) = 1/2/z, it follows that h'(z) = 1/2vx + 1.
Notice that this is very similar to the derivative of f(x).

In the previous example we determined the derivative of a composition
of functions using geometric arguments. In general, we want a rule to
do this. The rule used to differentiate compositions is called the chain
rule. Deriving the chain rule is much more difficult that the other rules
we have considered, so we shall simply just state it and look at some
examples in detail.

Result 1.2. (The Chain Rule) If f(z) and g(z) are differentiable and
h(z) = f(g(x)), then

W(z) = f'(g(x))g'(x)-
In words, we say “derivative of the outside function, composed with
the inside function multiplied by the derivative of the inside function”

where we consider f(x) to be the outside function and g(z) to be the
inside function.

Remark 1.3. Note that to apply the chain rule, we need to be good
at decomposing functions i.e. writing a function h(x) as a composition
of two other functions ¢g and f.

This means to calculate the derivative of a composition of functions,
we need to take the following steps:

(i) Decompose h(z) into a product of two functions f(x) and g(z)

ie. h(z) = f(g(x)).

14) Determine derivatives f’(z) and ¢'(x) and the composition
(i) g p

f'(g()).
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(7i1) Apply the formula: h'(z) = f'(g(x))g'(x).
We illustrate with some examples.

Example 1.4. Differentiate the following functions.
(1) f(z) = (a® +42)"
We have
outside function: g(z) = 2™; g (x) =7152™; ¢ (h(z)) = 75(2> + 42)™
inside function:  h(z) = 23 +4x; B (r) = 32* +4
Therefore, applying the chain rule, we have
f'(x) = ¢ (h(x))W (z) = 75(x + 42)™(32* + 4).

(i) g(x) = e7*

We have
outside function:  f(z) =%  f'(z) =% f'(h(z)) =
inside function:  h(x) = —kz; h(x) = —k
Therefore, applying the chain rule, we have
J'(x) = f'(h(x)l (z) = —ke™™.
(iii) h(x) = e"s®
We have
outside function: f(z) = e f(x) = e f'(g(z)) = e @)
inside function:  g(z) = xcos (z); ¢'(x) = cos(z) — xsin (x)
Therefore, applying the chain rule, we have

W (x) = f'(9(x))g'(x) = e (cos (z) — wsin (z)).

2. APPLICATIONS OF THE CHAIN RULE

As well as differentiating basic compositions, the chain rule can be used
to determine derivatives of functions we cannot yet differentiate as well
as determine some new rules. We illustrate with a couple of specific
examples.

(i) Differentiating an Exponential Function of Base a

Suppose f(x) = a*. From previous results, we know that
f(z) = a® = e™@* and so we can apply the chain rule to
differentiate f(z). Specifically, we have

outside function: g(x) = €% gd@)=e" ¢(h(x)) =7 =g¢
inside function:  h(z) =1In(a)x; A'(z) =1In(a)

Therefore, applying the chain rule, we have

f'(@) = g'(h(z))h'(x) = In (a)a”.



(i) The General Exponential Rule

Suppose h(z) = e/®). We can apply the chain rule to de-
termine a rule which will allow us to differentiate this func-
tion and leave the answer in terms of f(x) and its derivative.
Specifically, we have

outside function: g(z) = e*; ¢'(x) =¢*; ¢ (f(z)) = /@
inside function: f(x); f'(x)

Therefore, applying the chain rule, we have

W (x) =@ f(x).

3. FURTHER EXAMPLES

We finish with some further examples of the chain rule.

Example 3.1. Determine a formula to differentiate the composition
of three functions k(z) = f(g(h(z))).

We have

outside function: f(z); f'(x); f'(g(h(x)))
inside function:  g(h(z)); ¢'(h(x))h'(z)

Notice that to calculate the derivative of the “inside” function, we
needed to apply the chain rule. Now applying the chain rule, we have

K(z) = f(g(h(z)))g (h(z))l(2).
Example 3.2. Differentiate
k(x) = e (),

We have

outside function: f(z) = e f'(x) = e*; f'(g(z)) = esm ()
inside function:  g(z) =sin (e*); ¢'(x) = cos (e”)e”

Notice that to calculate the derivative of g(x) we needed to apply the
chain rule. Specifically, we have

outside function: o(z) =sin (z); o (x) = cos(z); o' (i(x)) = cos (e*)
inside function: i(x) = e"; i'(z) = e”

Now applying the chain rule, we have
K (x) = e cos (e%)e?.

Example 3.3. Some values of f(x), g(z), f'(z), and ¢'(z) are given in
the table below.



v | [(z) | g(z) | ['(z) | §'(x)
ol 1T [ 2 [ 1 [ 3
1[0 [ 210
2 1 [ 2 [ 2 [ 1
3] 1T [ 31 [0

Let hy(z) = f(g(x)), hao(x) = g(f(2)), ha(x) = F(f(x)), ha(x) = L5
f

We have b} (1) = f'(g(1))g'(1) =2-3=6
(1) hs(0)

We have h5(0) = ¢'(£(0))f'(0) =0-1 =
(#i1) hi(2)

We have h4(2) = f'(f(2)f(2)=1-2=2
(i) hy(3)

We have
o Pe3)g®9) — feB)g(8)  1.0-3-1-0
M(3) = (93))? S
(v) (1)

We have k(1) = M f/(1) =€’ 1 = 1.

Example 3.4. Suppose that the radius of a ball is given as a function
of time and the graph is given below. Use this to determine V’(1), the
rate of change of volume with respect to time when t = 2.

We know that V(r) = 7r?, and we know that r is a function of ¢, so it
follows that V' is a function of ¢ too i.e. V(r(t)). Applying the chain
rule, it follows that V'(t) = V'(r(t)) - r'(r) = 27r - r'(t). At t = 1,
looking at the graph, we have r = 4 and 7/(t) = 2 (the slope at that
point). Thus we have V'(2) = 16m.



