Sections 4.4: Indeterminate Forms and L’Hopitals Rule

In this section, we return to the idea of evaluating limits. Specifically,
we shall develop a rule which allows us to calculate certain special types
of limits using derivatives.

1. L’HoriTAaLSs RULE

Recall that the first limit we considered was
lim sin (2) (z) .
x—0 x

We evaluated this by taking values of = closer and closer to x = 0 and

we concluded that
lim sin ()
rz—0 x

This however did not actually prove that this was the limit. Indeed,
there is no reason why as we take values closer to 0 than we did, the
values of sin (x)/x do not differ from 1 i.e. however “close” we chose x
to be to 0, there are still infinitely may values of x closer. Therefore,
we need a better way to determine such limits. Before we do this, we

give this type of limit a special name.

=1.

Definition 1.1. Suppose that
lim f(z) =0 and lim g(z) = 0.

Then we call the limit
f(z)

lim —+
% g()

an indeterminate form of type 0/0.

The reason we specify the type is that there are other indeterminate
forms.

Definition 1.2. Suppose that
lim f(z) = o0 and lim g(z) = £oo.

Then we call the limit
f(z)

lim ——=
Tr—

g(z)

an indeterminate form of type oo/oc.
To determine limits of indeterminate forms, we can use the following:

Result 1.3. (L’Hopitals Rule) Suppose that f and g are differentiable
functions on an open interval I which contains a and the limit

lim @
z—a g()
1



2

is an indeterminate form of type 0/0 or co/co. Then

lim @ = lim f(@)

r—a g(z)  e—ag'(z)
provided this limit exists.

Before we look at examples and explain why this is true, we make a
couple of observations:

(i) L'Hopitals rule can only be used if all conditions are met i.e.
differentiable and indeterminate form.
(74) L’Hopitals rule gives us a new way to calculate the limit of a
quotient of functions using derivatives. It DOES NOT give us
a way to differentiate. Do not confuse it with the quotient rule
- you only apply L’Hopitals rule when finding the limit of an
indeterminate form - if you want to differentiate a quotient,
use the quotient rule.
(7i) L’Hopitals rule works for one-sided limits.
(iv) L’Hopitals rule works for limits at infinity.
(v) L’Hoptials rule can be applied any number of times provided
in each step, the new quotient is an indeterminate form i.e.

/ " "
lim _f(x) = lim f,(:v) = lim f” (z) = lim fm(:)s)
a—ag(z) e—ag(z) emagi(z)  emag”(x)
provided each term is an indeterminate form.

We illustrate with a couple of easy examples.

Example 1.4. Evaluate the following limits.

(4)

i BB (:17)
x—0 X
This is an indeterminate form of type 0/0 so we can apply

L’Hopitals rule. We have

i S0 (x) _ iy &% (x) _q
z—0 x x—0 1
and thus
lim S0 _
x—0 xX
(i)

lim ox 4+ e~
im——-:
z—0 Tz

This is an indeterminate form of type co/oco so we can apply
L’Hopitals rule. We have




and thus
lim ox + e " 5
m-—=—.
z—0 71’ 7

2. WHY L’HoPIiTALS RULE WORKS AND MORE EXAMPLES

Before we look at any more examples, the obvious question to ask is
why L’Hopitals rule works. The reason it works is fairly simple and
comes down to linear approximations. We shall examine in detail an
indeterminate form of type 0/0.

Suppose that f(a) = 0 and g(a) = 0. Then the linear approximations
to f(z) and g(x) at © = a are

h(z) = f'(a)(z — a) + f(a) and ly(x) = g'(a)(z — a) + g(a).
Since f(a) = g(a) = 0, we have

h(z) = f(a)(z — a) and ly(z) = ¢'(a)(x — a).

Then since the linear approximation of a function at = a approxi-
mates values close to x = a, we have

lim 78 gy 0@ Fla)le—a)

o gl@)  eb(n) eegla)e—a) e g(a)

provided ¢'(a) # 0.
We look at some more examples.

Example 2.1. Evaluate the following limits.

(2)

(i)

2
lim ——.
220 sin (x)
This is an indeterminate form of type 0/0 so we can apply
L’Hopitals rule. We have

2
2

z—0sin (z)  «—0 cos ()

and thus ,

m
20 Sin (x)

. In(x)
alcl—%x?—l’

This is an indeterminate form of type 0/0 so we can apply
L’Hopitals rule. We have




and thus |
lim n (z) = 1
z—1 g2 — 1 2

(i)
lim <232
xz—0 x
This is not an indeterminate form since cos (0) =1 # 0. In

particular, the limit

i &% (x)

rz—0 x
does not exist (since it is of the form 1/0).

()

This is an indeterminate form of type oco/oo so we can apply
L’Hopitals rule. We have

22 . 2 2
Im — =Ilim — =1lim — =0
z—o00 eT T—00 € x—o00 e¥

applying L’Hopitals rule twice. Thus
72
lim lim — = 0.

r—00 T—00 %

3. INDETERMINATE PRODUCTS, POWERS AND SUMS

L’Hopitals rule can be used for other types of indeterminate forms when
coupled with some simple algebra. We briefly run over the different

types.
3.1. Indeterminate Products. If
}Ji%f(x) =0 and illl}lg(l’) =00
then we call the product
lim f(z) - g()

r—a
an indeterminate product. We can evaluate an indeterminate product
by writing it as
) x
i (%)

1

M)

or

lim 9(z)

fla)
and treating it as an indeterminate form of the type 0/0 or oo/oc0
respectively.

r—a



Example 3.1. Evaluate the following limit
lim xe™™.
z—0

This is an indeterminate product. We have
. Ly . .
lim ze™* = lim — = lim — =0
T—00 r—o0 et r—o0 et

using L’Hoptials rule on the indeterminate form x/e* of the type oo /0.

3.2. Indeterminate Powers. Any limit of the form
lim f(z)®

r—a

of type 1°°, oc” or 0° is called an indeterminate power. To find an
indeterminate power, we take its logarithm and convert it into an inde-
terminate form on which we can use L’Hopitals rule. Once we evaluate
this limit, say it is L, then the limit of the indeterminate power will be

el

Example 3.2. Evaluate the limit

lir%(ex + )

This is an indeterminate power of type 1°°. We have

1 v L. (1+e”
limln(e:”jux)% = limw — limM —9
z—=0 z—0 T z—0 1

using L’Hopitals Rule. Thus we have

In (e*+4x) % 2

lim (e® —l—x)% =lime =e”.

z—0 x—0
3.3. Indeterminate Differences. If
lim f(z) = oo and lim g(z) = oo
then we call the difference

lim f(z) — g(x)

r—a
an indeterminate difference. We can use L’Hopitals rule to evaluate

an indeterminate difference if we can modify it algebraically so it is
equivalent to an indeterminate form of one of the types we can evaluate.

Example 3.3. Evaluate the following limit

I 1 1
im— = —.
e—1In(z) x—1
This is an indeterminate difference. We have
1 1 . x—1—In(x)

- — = lim ——————.
. In(z) x—1 2 (x—1)In(x)
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This is now an indeterminate form of type 0/0, so we can evaluate it

using L.’Hopitals rule.

y x—1—1In(x) lim 1-1 i -1
im—————> =1 = lim— &
=1 (z—1)In(z) e=1ln(z)+(x—-1)2 o=1ln(z)+1-1
.4 1
=TT )

using L’Hoptials rule twice. Thus
1 1 1

i
) In(z) -1 2




