Section 16.4
Double Integrals in Polar Coordinates

“Integrating Functions over circular regions”

Suppose we want to integrate the function f(x,y) = x? over the fol-
lowing region:

N

We would have to break the region up into three pieces. On the first
region we would have —2 <z < 2 and v4 — 22 <y < V9 — 22, on the
second region —3 < x <2 and 0 <y <9 — 22 and on the last region
2<r<3and 0 <y <+vV9— 22 Thus we would have to evaluate the
following integrals:
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Not only was the process of setting up this integral laborious, but to
evaluate the first integral,
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we would need to use a trigonometric substitution, which is itself a
difficult and time consuming task. Therefore, we need to develop new
techniques of integration to help us integrate functions over different
types of regions.

Recall in Calculus 2 that when considering problems over circular re-
gions, instead of using Cartesian coordinates, we can instead use polar
coordinates to try to determine an integral. In this section we shall

determine how to use polar coordinates to evaluate an integral.
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1. EVALUATING INTEGRALS IN POLAR COORDINATES OVER POLAR
RECTANGLES

Suppose that f(x,y) is continuous functions and we want to find the
integral [ [, f(x,y)dA over some region D as illustrated below. Then
instead of integrating in Cartesian coordinates, we can use in polar
coordinates. In order to determine exactly how, we shall first consider
the problem over a polar rectangle.

-

(i) Suppose that R is a polar rectangle (so ¥ is bounded between
two constants and r is bounded between two constants) and
f(z,y) is a continuous function. Observe that R looks like the
following:

thet

thetal
rl
(7i) First we convert the function f(z,y) into a polar function by
using the identities x = r cos (¥) and y = rsin (9).
(7i1) Next we subdivide the polar rectangle into polar subrectangles

by subdividing the intervals bounding ¥ and r into smaller
equally spaced intervals of lengths Ad and Ar (see below)
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(7v) In each of the polar rectangles, choose a point (r;,¥;). Observe
that the area of the polar rectangle can be approximated by
the value r,A¥9Ar.

(v) We can take the double sum over the polar rectangle getting

SN 0 rArAY

i=1 j=1
Notice that this is equal to the Riemann sum

DD flrny)AA
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over the same region.

(vi) Letting m,n — oo, these two sums are equal and so we get
the following result:

Result 1.1. If f is continuous on a polar rectangle R given by 0 <
a<r<band 0 <a<v << 2, then

//Rf(x,y)dA: /j /abf(rcos (), rsin (9))rdrdd

So we can use polar coordinate instead of cartesian coordinates (notice
that we must include the 7 in the integrand). We illustrate with some
examples.

Example 1.2. Set up integrals for f(x,y) over the following regions:
(i) Since 0 < ¥ < 27, we need to break this integral up into two

pieces.
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We get

F(z,y)dA = T F(r cos (9),rsin (9))rdrdd+ e (r cos (), 7 sin (9))rdrd?d
R 0 2 3
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(7) This can be evaluated in one integral.
4

N

We get
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Example 1.3. Evaluate [ [,(z 4 y)dA where R is the second region
illustrated in the last example.

We get

//f x,y)dA = / / f(rcos (), rsin (9))rdrdd = / / 72 cos U-+r? sin (9)drdy

:/0 7’3 (cos U+sin (1))

d19 = 9/ cosv+sin (V)dY = 9 [smﬁ cos (19)} =18
0 0 0

2. POLAR INTEGRALS OVER NON-RECTANGULAR REGIONS

Just as with Cartesian coordinates, we can modify the limits over a
polar integral to integrate over a region which is not a polar rectangle.
As with the Cartesian case, it is important to observe that the limits in
this case will depend upon a certain variable. Usually we only consider
r as a function of ¥ in the limits, though in principal we could also
consider ¥ as a function of r (though this is usually much more difficult).
In general we get the following:

Result 2.1. If f is continuous on a polar region of the form a < ¢ < 8
and hy(¢) < r < he(¥), then

//fa:ydA //:w F(rcos (9), rsin (9))rdrdd

We illustrate with a couple of examples.
Example 2.2. Find the area of the region enclosed by one leaf of the
rose 1 = cos (0).

Observe that one leaf occurs with —7/6 < ¥ < /6. We already know
r is bounded below by 0 and above by cos 3¢, so to find the area we
integrate the constant function 1 over this region. We get:

w/6  pcos39 /6 9 1 /6 .
/ / lrdrdd = / cos?(319)dv) = [— + —sin (619)} =—
A 6 11 12
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Example 2.3. Set up integrals for f(x,y) in polar coordinates over
the following regions:

(i) The region bounded by the both axes and the line f(z) =
—2x + 2 illustrated belowﬂ:

We have 0 < ¥ < 7/2, so we just need to determine how r
depends upon ¢). Clearly we have 0 < r, and the largest value
of r depends upon ¥. Since z = rcos(¥) and y = rsin?,
putting them into the equation for the line, we have rsin =
—2r cos () 4 2. Solving for r, we get

2
~ sind + 2cos ¥’
Thus we have

2
0<r{ ———.
" sin ¥ + 2 cos

Hence

// f(z,y)dA = / /SMHCOM9 rcos (¢), rsin (¢))rdrdd.

(7i) The rectangular region below:
4
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We need to break this integral up into three different pieces.
For 0 < ¥ < /4, we have x bounded between 0 and 2 meaning
0 <r < 3/cos(¥) For m/2 < ¥ < 37/2, we have 0 < r <
2/sin ¥ since the region is bounded by y = 0 and y = 2, and
for 37/2 < ¥ < 7, we have 0 < r < —3/ cos since the region
is bounded by x = 0 and © = —3. Therefore, we get

//Rf(x,y)dA = /;/2 /02/00519 f(rcos (), rsin (9))rdrdd+



3r/2  p2/sind ™ —2/ cos ¥
/ / f(rcos (), rsin (ﬁ))rdrdﬁ—l—/ / f(rcos (), rsin (¢))rdrdd
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Example 2.4. Find the volume of the region bounded below z =
V22 + y2 and above by 22 + y? + 22 = 1.
First observe that the region looks like the following:

To find the volume under a function, we need to evaluate the integral
over the corresponding region. Therefore, the first thing we need to do
is evaluate what 2d-region this volume is above. Since 22 +y? + 22 =1
and z = y/22 + 42, it follows that 2* +y*+ 22 +y? = 1, so the region in
the zy-plane below this volume is the circle 2 + y? = 1/2. Therefore
to find the volume, we need to integrate

I % 2 %
/ /f(\/l — 22 — y2—/2% + y)rdrdd = / /\f(\/l —12—\72)rdrdd
0

/ /f 1—r2—r2drd19—27r/f V1—1r2—r%dr
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